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Clustering Problem

Exploratory procedures are helpful in understanding
the complex nature of multivariate relationships.

Problem 1 Given a set of data {x; € RP}, satisfying
1. the number of classes iIs unknown;
2. the class of any individual i1s unknown.
We intend to
1. define some suitable statistics;
2. clarify the number of classes K;
3. find a reasonable clustering method; and
4. classify the data into K categories.®

430, clustering is also called unsupervised classifi cation.
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Example of Clustering

Partition a given set by some similarity:

DataSet2. B

i= |Label Data

Clear Traj

Figure 1: fuzzy c-means clustering
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Observation Matrix
Given n sample points, each has m variables

X1 Xj X,

X1 11 L1 L1m

£Lj L1 L Lim

L Lnl = Zan Tt Lnm

mean| z; -+ T; -+ Ty

std | s7 -+ s - Sy
Table 1: Observation data
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No Best Clustering Method
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Cluster Methods

1.

System Method: merge the most similar classes,
update the data and repeat the procedure till all
data are classified.

. Dynamic Method: give an initial classification of

data firstly, then adjust the classes by least value
of loss function till no improvement can made.

. Fuzzy Method: for instance fuzzy c-means

clustering, usually works well for data with fuzzy
characteristics.

Method of Minimum Spanning Tree
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Transformation of Data

Centralization: make the mean 0, and the variance-covariance
matrix unchanged.

Tr = Lij — Xy (1)

St=5= (Sij)me (2)

1 _
Sij = n— 1 Z(xti_ﬂ?i)(mt] z;) o —1 Z ;25 (3)

t=1
Standardization: make the mean 0, and sdt 1.

vy = ’ (4)
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Measuring Similarity

1. Distance
(a) Minkowski Distance
(b) Statistical Distance
(c) Lance Distance
(d) Mahalanobis Distance, - - -

2. Measure (not necessary distance)
(a) Canberra Measure
(b) Czekanowski Coefficient, - - -

3. Similarity Coefficient
(a) Cosine Similarity
(b) Correlation Coefficient, - - -
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Minkowskl Distance

1. Minkowski Distance:
di(x;, ;) =

2. Euclidean Distance:

1/k

Z i — xjt’k (5)
| t=1 i

do(@s, ;) = || D (@ — 23> (6)
\&
3. Chebyshev Distance:
dOO(CEZ',CEj) — mnax |55z't — xjt| (7)

1<t<m
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Distances without Measure Unit
1. Statistical Distance:

B m k_ 1/]43

“ Lit — Lj
di(ws, @)) = |y |——F (8)

t=1

2. Lance Distance:

337,7 CE] Z ‘xn _ x]t’ (9)

Tit T T jt

3. Mahalanobis Distance:

dy(xi, x5) = (xi —x;)' S™ (@ —x;)  (10)
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Measures
1. Canberra Measure:

= Lit — Xj
i) =Y Iy
t=1

Tit + Yjt

2. Czekanowski Coefficient:

2 Z min(xit, ZC]t)
m(azi, :13]-) =1 =1 (12)

m

2 (@it + 1)

t=1

Neither of them is distance.
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Shortcomings of Distances

1. Both Minkowski Distance and Lance Distance
assume the independency between random
variables (r.v.), which talk about the distance In
an orthogonal space. But In practice, the r.v.’s are
relative. Mahalanobis Distance overcomes this
shortcoming, but

2. Mahalanobis Distance works badly if the
covariance matrix S Is calculated by all data.
Concentrated to a particular class, Its
performance iIs good. While, we know nothing
about classes before clustering.

3. The mathematics of non-distance measures IS not
beautiful.

Clustering Methods — p.13/48



Clustering by Shading D-Matrix

Assume D = (d;;) denote the distance between the
i-th and 7-th objects, replaced by a prescribed class.

1 » «— Shading the distance matrix D.
19 - The objects are clustered by
o
2 the triangle of <.
S
22 — ]
10 + ]
13 - ]
20 P4 4+ b4 | b4 =]
1 + — w\pa ba ba
=7 5 @ X — = —
12 B Me o B — 4+ W 4 > > Ipdl g
21 > P4 + B e ® 4+ |[va|l pa pa
1s = g — e — - B - + Silpglpa pa pg
> a g - 4 - B 8 X M B an-q pd ba ba
11 D A - P B
16 - > > - > [pd
s e M — @ X M S — F W —— + 4+ >{pa b4
< - - e - — X X e + I
17 -, > > b4 B4 D “
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Example of Shading Method

E N Da Du G F S | P H Fi
E | 10 Consider the 11 languages.
N | 8 10 <+« Theconcordant first letters of words 1-10.
Da| 8 9 10
Du| 3 5 4 10
G|4 6 5 5 10
Frf4 4 4 1 3 10
S|4 4 5 1 3 8 10
I 4 4 <) 1 3 9 9 10
P/ 3 3 4 0 2 5 7 6 10
1 2 2 2 1 0 0 o0 o0
1 1 1 1 1 1 1 2
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How to Describe the Difference?
Consider the 0-1 feature vector based on m variables.

0-1 valued variables
ltem| 1 --- [ --- m
Lo X o T Tim,
iolza oo omy oo Ty

Table 2: Comparison between item ¢ and item

The difference between item ¢ and item 5 can be mea-

sured by > " (x; — 257)*. But it suffers from weight-
Ing the 1-1 and 0-0 matches equally.

Example 1 In grouping people, the characteristic of
doing Algebraic Geometry is significant.
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Contingency Table

To illustrate the matches and mismatches, we arrange
the amounts into a contingency table.

Item\ltemj | 1 | O Totals
1 ni1 | N2 | 1. = N1 + N2
0 No1 | N2 | Na. = Nig1 + Noo
Totals ny | neo | N =niy + no.

Table 3: Contingency table

In Example 1, it might be reasonable to discount the
0-0 matches or even disregard them completely. There
are several suggested schemes of defining similarity.

See the next slide. =
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Similarity Coefficients for Items

Coefficient Rationale
1, futne weights for matches
2. féjg;% double weight for matches
3. NT;L; 7}_2;21 double weight for mismatches
4, = ratio of 1-1 matches
b. NT;QQ 0-0 matches are treated as Irrelevant
6. L Homework Explain coefficients 6,
7. — +2(”77}112 - 7 and 8. And prove that coefficients
8. m;gm 1-3 (5-7) are monotonically related.

Table 4: Similarity coefficients for clustering items
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Pearson’s y* Test

Theorem 1 (Pearson) By the null hypothesis Hy : P(X|Y) = P(X),

5 N(niings — nignop)?

X2 = ~ x*(1) (13)
ni1.-N2.M.1M.92
marginal dis-
YAX | 1|0 o
tribution of X
1| n11 | nio ni.
0 | noy | no2 na.
marginal dis-
n.1 .o N
tribution of Y

Table 5: Use Pearson’s y2 to test whether X and Y are independent
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Hierarchical Clustering

Agglomerative Hierarchical Method (AHM):
The most ssimilar objects are grouped, and these
Initial groups are merged according to their
similarities. In the opposite direction, we have

Divisive Hierarchical Method

To measure the distance between clusters, we need
linkage methods:

1. Single Linkage
2. Complete Linkage
3. Average Linkage

Linkage method works well for clustering items, as
well as variables. WWe will focus on this method. =
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Distances between Clusters

Single linkage

&
@ =

Complete linkage

Average linkage
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Algorithm of AHM

1. Start with » clusters, each containing a single
entity. Let the distance matrix be D,, ...

2. Search D for the nearest pair of clusters by some
linkage, merge them and update D.

3. Repeat Step 2 a total of n — 1 times to get a
dendrogram (or tree diagram).

r|y Ty I3 T4 s Tr3 X4 xs CL4
x| O 35 5 7 T3 0) 1.5 35 25
=
s 0)
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Disadvantage of Single Linkage

Homework 1 Calculate the clustering in the last slide
by single, complete and average linkages. And

compare the three results.

A

Hliptical
configurati on

o
o o..go A
*%%

>

X

single linkage confused
by near overlap

>

_———
-~
~

v Nonel I'i pti cal
configurati on

-
~——
-~

~
\~—————-’

chaining effect
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Clustering Variables

Calculate the pairwise correlation between m
variables in Table 1.

Xl X2 “ e Xm
X1 | 1
Xo | pan 1
Xm Pml1 Pm2 - 1

Table 6: Correlation matrix

Cluster the variables by the correlation matrix,
using some linkage.
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Ward’s Hierarchical Clustering

Ward considered hierarchical clustering based on
minimizing the error sum of squares (ESS) from
joining two groups.

Definition 1 For a given cluster k, let ESS;, be the
sum of the squared deviations for each item in the
cluster from the cluster mean. Assume there are

[
currently [ categories, define ESS = )~ ESS;.
1=1

Initial: ESS; = 0, wherez =1,---  n.

Join two clusters with the minimum ESS.
K

ESS = ;(ZBZ — Q_Z)T(ZBZ — 3_3)
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Usual Linkages with Scores

=

© 0N A Wb

i
= O

SINgle linkage (X0X)
COMplete method (X0X)
MEDian method (XoIok)
CENtroid method (XoXoXk)
AVErage linkage (Xolololok)
FLEXxible-beta method (XeloIoX)
MCQ method (XoXolok)
WARD method (HeZolol)
EML method (eloIok)

DEN method (elolok)
TWO method (elolol)
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Nonhierarchical Clustering

m=> Algorithm of K-means method:*
1. Partition the items into KX initial clusters.

2. Proceed through the list of items, assigning an
Item to the cluster whose centroid IS nearest.
Update the centroids.

3. Repeat step 2 until no more reassignments.
== Jnderstanding /& -means method:
The result depends on the initial assignment.

K-means method works well in the case that
partial items are suitably clustered.

ANonhierarchical clustering techniques are designed to group items,
rather than variables, into a collection of K clusters.
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Example of K-means Method

Example 2 The basic idea of A'-means method Is
that the centroid of partial near points Is not far from
that of actual cluster.

ltem | X; X) Cluster | Xy X
A 5 3 (AB) 2 2
B |-1 1 — (CD)|-1 —2
C 1 -2 d(A, (AB)) < d(A, (CD))
D | -3 =2 d(B,(AB)) > d(B,(CD))
Cluster | X; Xo| A B C D
A 5 3] 0 40 41 89
(BCD)| -1 =152 4 5 5
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Disadvantage of A-means
1. If two or more seeds points inadvertently lie
within a single cluster, the result will be poor.

2. The existence of an outlier might produce at least
one group with very disperse items.

3. K-means method works poorly on the rare data.
4. Initial partition may lead to poor result.

& B
- WL o
C D

Figure 2: Counterexample of A-means method
d(B,(CD)) > d(B,(AB))
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Multidimensional Scaling

Task: Represent the items in low-dimensional space.

Algorithm: Thereare N = n(n — 1)/2 similarities between items.
1. Sortthesmilaritiesto s;,j, < -+ < Siyjn

2. Project the feature vectors on a g-dimensional space, making
Kruskal’'s Stress(q) as small as possible:

ST [d(q (Q)]

1<J

\ oy [d]

KStress(q) = (14)

1<J

where dEZ;k denote the distance between item 7, and item j,.

in ¢ dimensions, and dz(le > dz(?\])] N
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Tankane’s Stress

Definition 2 For agiven dimension ¢, amore preferred stressis

defi ned by Tankane,

S [a -2

1<J

(15)

Goodness of fi t

TStress(q) =

\ > 2. dy

1<)
Stress
> N\ ultidimensional scaling 0%
makes the plotting of Iitems 0%
avallable in 2 or 3 dimensional (;
570

space, which provides us a intu-

itive clustering. 2.57
0%

Poor

Far
Good
Excellent

Perfect
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Correspondence Matrix

Definition 3 From the observation matrix X, we get
the correspondence matrix® P = (p;;)nxm = + X,
where t = > z;;.
i,J
The vector of rowsums r = P, .., 1,1
The vector of columnsums e = P'1,.;

Definition 4 D2 = diag(,/1,- -+ ,1/Tn), DY? =

diag(/c1, -+ | rjm)ngl/z — diag(\/%, o ,\/%)

and D '/? = diag(J=, -+, 7=):

AMore details can be found in [3].
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Correspondence Analysis (CA)

CA can be formulated as the weighted |east squares problem to select
P — (Dij )nxm With aspecifi ed reduced rank, to minimize

(pij —ﬁij)Q
;j TiCy (16)
_ tI'[(D 1/2(P P)D 1/2>(D;1/2(P—ﬁ)Dc_1/2>T]

Theorem 2 (Generalized SVD) The optimal P with rank s is

P - i Se(DY ) (DY ?0,)T
" 1/2 1/2 (17)
= T""Z)\k( a) (D o) T

where )., aresingular values of D, > P D and @y, o, are
corresponding singular vectors.
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CA (Cont’d)

Corollary 1 Theminimumof (16) is > 2.
k=s+1

Theorem 3 The optimal approximationto P — re! with
reduced rank s Is

3" (DY) (DY) (19
k=1

where \, are singular valuesof D Y/?(P — rc") D /? and

u, vy, are corresponding singular vectors.®

Homework 2 Prove that A = 5\k+1, U — ﬂ'k—I—l and Vi = ’l~J]H_1
fork=1,---.m—1,

AThe proof is done by the properties of SVD, that can be found in
pp713-714 of [4].
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Symmetric Map

The vectors D'/2u;, and D/?v;, need not have length
1, but satisfying the scaling

(D,?u,)" D, (D, ?v;)T = 1
(D}?ur)" DN (D) Pop)T = 1
Let D V2(P —re")D. V> = UAV T be an SVD, it
is usual in CA to plot A\, D, '/?u;, and A\, D, '/%v,, for
k =1, 2, and maybe 3.
Definition 5 The joint plot of the coordinates in
A\ D Y2uy, and A, DY ?v, is called a symmetric
map, In which the geometry for the row points is
Identical to that for the column points.
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Profile Approximation Method

Definition 6 Algebraically, the row profi |es are the rows of
D' P. The CA can be defi ned as the approximation of the row
profi les (denoted by P°) by points in alow-dimensional space.
To minimize

Z (pz’j —ﬁz‘j)2 _ Zﬂ; Z (pv;j/n' —p;;)2
r;Cj - ; Cj

i,]

(19)
= tr[AA"]

where A = (D'2P — D2P*)D'/? we have

C

Theorem 4 P* =1,c" + 3 \(DY2a,) (DY *,)T with
k=2

rank s < m, where D \2PD-Y? = 3 A\, 0 isan SVD.
k=1
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Inertia

Homework 3 Suppose A\, u;, and v, are from the SVD of
B =D Y*(P —rc")D;'? wehave

— ]_ C ~ Z >\k 1/2uk Dl/zvk) (20)

Total 1nertia® 1s a measure of the variation in the count data and
IS defi ned as the weighted sum of sguares

1/2(D— 1/2)T]

r

c 1/2(P o rCT)Dc_

m—1
Z ng TZC] . Z )\2
_ _ k
TiC
1,7 k=1

tr[D V(P — frcT)D_
(21)

2t isjust Pearson’s 2 statistic by the contingency table.
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Biplot

Definition 7 A biplot is a graphical representation In
which both the observations and the variables are
represented in a two dimensional space.

-2 (0] 2 4
1 | | |
— <
195953
<
= - Armed Forces
1951
— o
N
o
9
155784
1957
N
o
N Fealkeflator
£ 2 = A0
S fagz1agon
1959
1960
N
< _]'941948 1
1961 — <
1950 Unemployed
= ] 1949
<
-0.4 -0.2 0.0 0.2

0.4
Comp. 1
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How to Make a Biplot?

1. Make the observation matrix X, ..,,, to the mean
corrected data matrix X . with rows (z; — &) ".

2. SVDof X, =UAV' where V = (e, - ,ep)
are the eigenvectors of X X .

.
3. X, ~ UAV' = (y;,y,) (ﬁ) , Where

€
A= diag()\l, )\2, O, T ,O)
4. How to make a biplot?

The sth variable is represented by (ey;, e2;).
The n Items are represented by matrix

(y17 y2)n><2-
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Procrustes Analysis

Definition 8 A numerical comparison of two
configurations, obtained by moving one configuration
so that Is aligns best with the other, Is called
Procrustes analysis. The comparison steps are

by method 1,and Y .. by

nxq

X isreduced to X~

nxp

method 2, where ¢ < p.

By adding columns of zerosto Y "toan x p
matrix. Find a rigid transformation to make the
Procrustes residual sum of squares minimum

n

PR =min > (z; — Qy, — b)"(x; - Qy; — b) (22)
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Measure of Agreement

Theorem 5 Let X™ and Y™ both be centered so that all rows
have mean zero. Then,

PR? = tr[X* X*"] + tr[Y*Y™* "] — 2tr[A] (23)
where A = diag(\,--- , \,) and therigid transformation is
Q=VU', b=0 (24)

HereUAV' = Y*T X*isan SVD.

Definition 9 (Sibson Measure, 1978) Another measure for the
agreement between two confi gurations is
(tr[(Y*TX*X*TY*)l/Q])2

=1 25
! tr[ X X *tr[Y Y (%)
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Clustering of Words

Example 3 Given ten days People’'s Daily, classified
In 6 categories. For every word, count the frequency
In each category:

news economics culture politics synthesis computer

Wn

fll f12 f13 f14 f15 f16

fnl fn2 fn3 fn4 fn5 fn6

MI SAS provides several ways to automatic clus-
tering. We find that the random variables of observa-
tion are pivotal for the precision.
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Example of SAS Code

“ldata freoquency:
infile 'f:hdata\cluster\freguency.txt';
input word §1-20 news 21-30 economics 31-40 culture 41-50
politics 51-60 =ynthesis 61-70 computer 71-80 sum 81-90;
run;

=ldata freoquencyl:
set frequency;
IF 10<=zum;

rumn;

ldata freguency?:
set fregquencyl;
f_news=newsfsum;f_EchDmics=EchDmicsfsum;f_culture=culturefsum;
f politics=politics/sum:f synthesis=synthesis/sum;f computer=computer/sum:
rumn;

Slproc cluster data=work.frequency? method=average
outtree=otree psSeudo ocoo;
var £ news £ economics £ culture £ politics £ synthesis £ computer:
copy word:
rum;

Slproc tree data=otree graphics
horizontal nclusters=10 out=oclust;
copy word:

rumn;
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Class Average Method

Figure 3: cluster tree by class average method
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Ward Method

T T T T T T T T T T T 1
0, non 0, nzs 0, 00 0. .ors 0,100 0,125 0,150 0175 0, z00 0, 225 0, 250 0,273 0,300

Figure 4: cluster tree by Ward method
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What’s a Class?

It isdiffi cult to defi ne class mathematically. In 1977, C. R. Rao
once gave three defi nitions of class. Given athreshold value
dy > 0,asetof C'isaclassif

1. Va:i,a:j S C, we have d(azi,a:j) < dO.
2. Vax,;, € C, wehave

1
n—1

ijC
3. given athreshold valuety > dy st. d(x;, ;) < ¢, and
1

x;,x;cC
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Thank you
for your attention!
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